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Abstract In this work, we investigate the ambiguities proposed by Benhar et al. about dif-
ferent implementation of the impulse approximation (IA) for calculation of the response
function of many-Fermion system. The many-Fermion wave-function of composite system
is calculated in the framework of impulse approximation by considering the iteration equa-
tion of many-Fermion wave-function through the system Hamiltonian propagator, and it is
shown that by imposing the plane wave approximation for the struck particle it is possible
to remove these ambiguities (the plane wave impulse approximation (PWIA)). Finally it is
concluded that in order to get relevant result, one should be careful to perform the IA on
the many-Fermion wave function to calculate the response function of the system, since the
system response is obviously very sensitive to this quantity.

Keywords Impulse approximation · Response function · Spectral function · One-body
momentum distribution

1 Introduction

A few years ago, Benhar et al. [1] (BFF) showed that within the impulse approximation
(IA), the dynamical response function of a N -Fermion system, S(q,ω), at large momentum
transfer, with ground state energy E N

0 and Hamiltonian H, can be written in a transparent
form in terms of the target spectral function, P(k, ε) or the widely used alternative defini-
tion, the one-body momentum distribution, n(k). Furthermore, they concluded that there are
considerable differences between the resulting response functions if one applies the above
two different definition to the many-Fermion systems.

Recently, similar to BFF proposal, it was also demonstrated by us [2] that the mini-
mal use of impulse approximation leads to the spectral function definition of the response
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function, and it is possible to calculate the approximate condition, [E N −1
n − E N

0 ]
av

� εk , in

which E N −1
n is the nth state energy of N − 1 Fermion system and εk = �

2k2

2m
, to remove

the ambiguities claimed by BFF. It was also shown that the coherent response function is
important in low momentum transfer, but it still should be considered in order to satisfy the
quantum fluids sum rules. On the other hand, the nucleon-nucleon interaction has dramatic
effect on the coherent response function in the low momentum transfer (q ≤ 3 fm−1), while
the coherent response function can be ignored for the momentum transfer such as 5 fm−1

or larger. Several numerical aspects of one-body momentum distribution and dynamical re-
sponse function in connection to the nuclear correlation function have been also investigated
by us [3–6] and other groups [7–10].

In this work we intend to look into above ambiguities from another point of view, namely
the N -Fermion ground state energy and wave function. This can be done through an iteration
procedure by imposing the impulse approximation in each step. Obviously, the many-body
correlations have crucial effect on the dynamical response function, since the initial momen-
tum of the struck particle is fixed by the one-body momentum distribution of the target and
there is a final-state interaction (FSI) between the struck particle and the target residue or
the spectator. In the impulse approximation (IA) the above correlation and interaction are
ignored, i.e. N − 1 spectator particles do not correlate and interact with the struck particle.
This is true in the IA, since the delivered momentum by the probe is large enough that the
probe sees the target as a collection of individual constituent. But in case of nuclear system,
because of strong two-body interaction, even at large momentum transfer, the FSI could still
be important [11]. So we will consider these two approximations in our iterated many-body
wave-functions to verify above discrepancies.

So the paper will be organized as follow. Section 2 is devoted to the calculation of the
ground state energy and wave function of many Fermion system by using the iteration equa-
tion in terms of the Hamiltonian propagator, in the IA and the consideration of ambiguities
in using this approximation. The discussion and conclusion are presented in Sect. 3.

2 The Calculation of the Ground State Energy and Wave Function in the IA

To impose the first condition of the IA, the Hamiltonian of N -Fermion system is usually
divided into three parts [1, 2],

H =
N∑

i=1

Ti +
N∑

j>i=1

Vij = H0 + T1 + HFSI, (1)

where H0, Ti = −∇2
i

2m
, Vij and m are the N − 1 body spectator,

H0 =
N∑

i=2

−∇2
i

2m
+

N∑

j>i=2

Vij , (2)

the one-body kinetic energy, the two-body interaction and the constituent mass, respectively.
In (1),

HFSI =
N∑

j=2

V1j (3)
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is the final state interactions (FSI) between the hit constituent and the N − 1 particle spec-
tator of the system.

In the second assumption of IA, we neglect HFSI � 0, which means the probe see the
struck particle freely. In other words in the IA we calculate all of the quantities of system
from the probe point of view. Thus, finally we have:

H � HIA = H0 + T1. (4)

For above Hamiltonian we can also write down the corresponding Schrödinger equation,

HIA|0〉 = H0|0〉 + T1|0〉 = [E N
0 ]IA|0〉, (5)

and similarly for N − 1 particle system:

H0|0〉 = E (N −1)

0 |0〉. (6)

Since H0 and T1 commute with each other, so |0〉 is the eigenstate of T1 as well and we have,

T1|0〉 = εk|0〉, (7)

with

εk = k2

2m
. (8)

So for the ground state of N Fermion system we have,

HIA|0〉 = E (N −1)

0 |0〉 + εk|0〉 = (E (N −1)

0 + εk)|0〉, (9)

or

[E N
0 ]IA = E (N −1)

0 + εk. (10)

This is the ground state energy of N Fermion system in the IA, from the point of view of
the probe particle.

Now we continue this section by writing the response function that has been defined in
terms of the spectral function P(k, ε),

S(q,ω) =
∫

dk
(2π)3

dεP(k, ε)δ(ω − ε|k+q| − ε), (11)

and the one body momentum distribution, n(k) [12–16],

S(q,ω) =
∫

dk
(2π)3

n(k)δ(ω − ε|k+q| + εk), (12)

which has created the ambiguities regarding of the response function of many body systems
[1, 2]. P(k, ε) and n(k) are also related to each other through the following equation:

n(k) =
∫

dεP(k, ε), (13)

with the following definitions:

P(k, ε) =
∑

n

∣∣∣∣
∫

dReik.r1�∗
0 (R)�n(R̃)

∣∣∣∣
2

δ(ε + E N
0 − E (N −1)

n ), (14)
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and

n(k) =
∫

dr1d ŕ1e
ik.(r1−ŕ1)

∫
dR̃�∗

0 (r1, R̃)�0(ŕ1, R̃), (15)

where we have R ≡ (r1, r2, . . . , rN), R̃ ≡ (r2, . . . , rN), �0(R) is the ground state wave
function of N particle system and E N −1

n satisfy the N − 1 Schrödinger equation with

eigenfunctions �n(R̃). Note that there is no approximation regarding equations of (14) and
(15) in terms of the system many-body wave function.

Let us now, to calculate the spectral function in the IA. So first we start by calculating the
iteration equation for �0(R) = 〈R|0〉 and the propagator 〈R| exp(iHt)|Ŕ〉 in this approxi-
mation. Since we have

eiHt |0〉 = eiE N
0 t |0〉, (16)

so

|0〉 = eiHt

eiE N
0 t

|0〉. (17)

We substitute (17) into �0(R) which leads to:

�0(R) = 〈R|0〉 = 〈R| eiHt

eiE N
0 t

|0〉 = 1

eiE N
0 t

∫
dŔ〈R|eiHt |Ŕ〉〈Ŕ|0〉. (18)

Thus we have:

�0(R) = 1

eiE N
0 t

∫
dŔ〈R|eiHt |Ŕ〉�0(Ŕ), (19)

which is the iteration equation in terms of the propagator 〈R| exp(iHt)|Ŕ〉. To test this equa-
tion, the propagator itself can be expanded as,

〈R|eiHt |Ŕ〉 =
∑

n

〈R|eiHt |n〉〈n|Ŕ〉 =
∑

n

eiEnt�n(R)�∗
n(Ŕ), (20)

where in (20) we have used the Schrödinger equation, H|n〉 = E (N )
n |n〉. By inserting (20)

into (19) we get,

1

eiE N
0 t

∫
dŔ

∑

n

eiEnt�n(R)�∗
n(Ŕ)�0(Ŕ) = 1

eiE N
0 t

∑

n

eiEnt�n(R)

∫
dŔ�∗

n(Ŕ)�0(Ŕ).

(21)
Then by using the orthonormality relation for the wave functions i.e.

∫
dŔ�∗

n(Ŕ)�0(Ŕ) =
δn,0, we will have:

1

eiE N
0 t

∑

n

eiE N
n t�n(R)δn,0 = �0(R). (22)

So (19) is in general exact. As we pointed out before (19) is the equation for iteration of wave
function to calculate the ground state wave function and we indent to show that different
approximation on this equation leads to different definition of response function in terms
of the spectral function and the one-body momentum distribution (see (14) and (15)). We
proceed by writing the propagator in right hand side of the above equation (19) in the IA [1]:

〈R|eiHt |Ŕ〉 � 〈R|eiHIAt |Ŕ〉 = 〈R̃|eiH0t |˜́R〉〈r1|eiT1t |ŕ1〉. (23)
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Now substitution of the above propagators into (19) it will give us:

� IA
0 (R) = 1

ei[E N
0 ]IAt

∫
dŔ〈R̃|eiH0t |˜́R〉〈r1|eiT1t |ŕ1〉� IA

0 (Ŕ). (24)

But similar to (20), the two propagators in (24) can be expanded as,

〈R̃|eiH0t |˜́R〉 =
∑

n

eiE (N −1)
n t�n(R̃)�∗

n(
˜́R), (25)

and

〈r1|eiT1t |ŕ1〉 =
∫

dp
(2π)3

eiεpt eip.(r1−ŕ1), (26)

where �n(R̃) = 〈R̃|n〉, H0|n〉 = E (N −1)
n |n〉 and εp = p2

2m
.

The substitution of (25) and (26) in (24) leads to:

� IA
0 (R) = 1

ei[E N
0 ]IAt

∫
dŔ

∑

n

eiE (N −1)
n t�n(R̃)�∗

n(
˜́R)

∫
dp

(2π)3
eiεpt eip.(r1−ŕ1)� IA

0 (Ŕ). (27)

We also have different orthonormality conditions namely:
∫

dR̃�∗
n(R̃)�m(R̃) = δn,m, (28)

and
∑

n

�∗
n(R̃)�n(

˜́R) = δ(R̃ − ˜́R). (29)

Here we can not easily use the above orthonormality relations to simplify (27), as the one
we did in (21). But one can easily find out that, this equation can be simplified only if
we separate the struck particle wave function from the spectator system wave function and
accept following relation, i.e.

� IA
0 (Ŕ) = φ0(ŕ1)�0(

˜́R). (30)

This assumption is totally true in the IA by means of HFSI = 0. But we must also make
another approximation and substitute φ0(ŕ) with:

φ0(ŕ) = 1

v
1
2

eik.ŕ, (31)

which is called the plane wave impulse approximation (PWIA) [17]. With these two as-
sumptions we can continue our simplification of (27) as:

� IA
0 (R) = 1

ei[E N
0 ]IAt

∫
dŔ

∑

n

eiE N −1
n t�n(R̃)�∗

n(
˜́R)

∫
dp

(2π)3
eiεpt eip.(r1−ŕ1)φ0(ŕ1)�0(

˜́R),

(32)
or

� IA
0 (R) = 1

ei[E N
0 ]IAt

∫
d ŕ1

∑

n

eiE N −1
n t�n(R̃)

∫
d
˜́R�∗

n(
˜́R)�0(

˜́R)

×
∫

dp
(2π)3

eiεpt eip.(r1−ŕ1)φ0(ŕ1). (33)
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Now by using (28):

� IA
0 (R) = 1

ei[E N
0 ]IAt

∫
d ŕ1e

iEN −1
0 t�0(R̃)

∫
dp

(2π)3
eiεpt eip.(r1−ŕ1)φ0(ŕ1). (34)

Then by substituting φ0(ŕ) = 1

v
1
2
eik.ŕ where k is the struck particle momentum of the ground

state, we find,

� IA
0 (R) = eiE N −1

0 t

ei[E N
0 ]IAt

�0(R̃)

∫
dp

(2π)3
eiεpt eip.r1

1

v
1
2

∫
d ŕ1e

−i(p−k).ŕ1 . (35)

But we have
∫

d ŕ1e
−i(p−k).ŕ1 = (2π)3δ(p − k), so,

� IA
0 (R) = eiE N −1

0 t

ei[E N
0 ]IAt

�0(R̃)eiεk t 1

v
1
2

eik.r1 , (36)

or

� IA
0 (R) = ei[E N −1

0 +εk ]t

ei[E N
0 ]IAt

�0(R̃)φ0(r1). (37)

We can also insert from (10) into above equation and get the correct result,

� IA
0 (R) = ei[E N

0 ]IAt

ei[E N
0 ]IAt

�0(R̃)φ0(r1) = � IA
0 (R). (38)

Thus finally with the substitution of,

� IA
0 (R) = 1

v
1
2

eik.ŕ�0(
˜́R), (39)

in (27), the iteration equation (19) works correctly for the IA case which is valid if one
ignores FSI interaction [1, 2].

Now if we substitute (30) into (14) and apply (10), we will have:

PIA(k, ε) =
∑

n

∣∣∣∣
∫

dReik.r1φ∗
0 (r1)�

∗
0(R̃)�n(R̃)

∣∣∣∣
2

δ(ε + E N −1
0 + εk − E N −1

n ), (40)

or

PIA(k, ε) =
∑

n

∣∣∣∣
∫

dr1e
ik.r1φ∗

0 (r1)

∫
dR̃�∗

0(R̃)�n(R̃)

∣∣∣∣
2

δ(ε + E N −1
0 + εk − E N −1

n ). (41)

But by applying the orthonormality of �n(R̃) we get,

P(IA)(k, ε) =
∣∣∣∣
∫

dr1e
ik.r1φ∗

0 (r1)

∣∣∣∣
2

δ(ε + εk), (42)

or

P(IA)(k, ε) =
∫

dr1d ŕ1e
ik.(r1−ŕ1)φ∗

0 (r1)φ0(ŕ1)

∫
dR̃�∗

0(R̃)�0(R̃)|δ(ε + εk), (43)



Int J Theor Phys (2010) 49: 413–420 419

where we have again used (28). Finally we get,

P(IA)(k, ε) =
∫

dr1d ŕ1e
ik.(r1−ŕ1)

∫
dR̃�∗

0
IA

(r1, R̃)�0
IA(ŕ1, R̃)δ(ε + εk), (44)

which can easily be written in terms of the one-body momentum distribution, (15),

P(IA)(k, ε) = n(k)IAδ(ε + εk). (45)

Note that in (44) the ground state wave function should be written in the PWIA.
If as an example, we consider non-interacting Fermi gas model of the one body mo-

mentum distribution, which is simply one for k ≤ kF and zero for k > kF (kF is Fermi
momentum) and substitute it in (45) we will have [7–10]:

P(IA)(k, ε) = δ(ε + εk). (46)

Indeed (46) is the spectral function in the PWIA [17].
On the other hand, we can substitute (45) in (11) and simply get (12) by performing

integration over ε:

S(q,ω) =
∫

dk

2π3 dε n(k)δ(ε + εk)δ(ω − ε|k+q| − ε), (47)

that is,

S(q,ω) =
∫

dk

2π3 n(k)δ(ω + εk − ε|k+q|). (48)

So, the above calculations confirm this matter that there are not any ambiguities for the
response function in the PWIA. The cause of ambiguities is that we do not calculate all of
quantities in the same order in the IA.

3 Summary and Conclusion

In this work, we considered the impulse approximation (IA) to calculate the spectral function
and one body momentum distribution of many-Fermion system. We calculated the ground
state wave function and ground state energy in the IA by using the iteration equation through
the related Hamiltonian propagator. It was shown that the response function in terms of
spectral function becomes equal to the corresponding response function defined in terms of
one body the momentum distribution if we perform the similar approximation in the many-
Fermion wave function. Since the IA considers the ground state energy and wave function
of the system from point of view of the probe particle, one should calculate both the ground
state wave function and the ground state energy in the same order in the IA. One should
note that these quantities change in comparison with the state of system without approxi-
mation and this behavior is natural. The spectral function which has been calculated in the
IA displays this fact that the residual system has roughly lost only the kinetic energy of the
struck particle (− k2

2m
) from point of view of probe particle [11]. Finally our calculation still

agrees with BFF [1] and MY [2] that minimal use of the IA leads to the definition of re-
sponse function in terms of the spectral function, while according to the present work with
further approximation (the PWIA) one can obtain the same results in terms of the one body
momentum distribution.
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